316 Kar. 18. Korilgrafiow
109  Tests und Konfidenzintervalle beim Korrelg.
tionskoeffizienten

Bei der zweidimensionalen Normalverteilung ist der Korrelation;
koeffizient r einer Stichprobe ein Schitzwert fiir den Korrelatiq
koeffizienten g der zugehdrigen Grundgesamtheit [vgl. (106.4) yy
(107.4)]. In diesem Falle kann man die Hypothese ¢ = 0 gegen eiy;
Alternative, etwa o > 0, testen, wie Tabh. 109.1 zeigt. Die Anwej

sung folgt daraus, dall ¢ einer Zufallsvariablen entspricht, die b

Richtigkeit der Hypothese eine {-Verteilung mit n» — 2 Freiheitsgra:
den besitzt, wie R. A. Fisuer (Biometrika 10, 1915, 507) bewiesen!

hat. In diesem Falle sollte ¢, klein sein. Deshalb verwirft man bej 2
groflem {, die Hypothese.

Tabelle 109.1. Test der Hypothese p == 0 gegen die Alternative p > 0 bei dep

zweidimensionalen Normalverteilung

1. Schritt. Man wihle eine Signifikanzzahl « (5%, 19% oder dgl.)
2. Schritt. Man bestimme die Lésung ¢ der Gleichung

(109.1) PT<e)=1—a
aus der Tafel 8 der ¢-Verteilung mit # — 2 Freiheitsgraden (siehe
Anhang 5},

3. Schritt. Man berechne den Korrelationskoeffizienten r der

gegebenen Stichprobe (xy, 1), . . ., (%4, #,)- -
4. Schritt. Man berechne

(109.2) t, =1 _\M:Hl.ﬂm )

Ist t, = ¢, so wird die Hypothese g = 0 angenommen. Ist {, > ¢,
so wird sie verworfen,

Beispiel 109.1. Unter der Annahme, da3 die Giundgesamthei$, aus der die
Stichprobe in Tab. 106.1 stammt, eine zweidimensionale Normalverteilung
besitzt, teste man die Hypothese ¢ = ¢ gegen die Alternative ¢ > 0.

1. Schritt, Wir wihlen die Signifikanzzahl o« = 5%,.

2, Schritt. Egist n = 100, also n — 2 = 98. Tafel 8 hat Lkeine entsprechende
Spalte. Fiir 100 Freiheitsgrade entnehmen wir der Tafel als Lisung der Glei-
chung (109.4) mit 1 — & = 0,85 den Wert ¢ = 1,66, Diesen Wert kbnnen wir
beim Test verwenden, wie ein Blick auf die in Tafel 8 links und rechte benach-
barten Werte zeigt.

3. Schritt. Gemdl Beispiel 106.1 ist r = 0,674,
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fritt. So wird

98
s £, = 0,674

1 — 0,674

= ¢. Die Hypothese wird also verworfen.

(108.2) und Tafel 8 ergibt sich die Eo.w. 109.1, .E.a @mamu..wmmm
“n betrachteten Test auch auf graphische Weise durchfiihren
Liegt der Punkt mit den Koordinaten n und r oberhalb %,.ua
S so verwirft man die Hypothese. Anderenfalls nimmt man sie

=.9,03.

fo

nerkenswert ist in Abb. 109.1, daf sich der Annahmebereich

Jleinem Stichprobenumfang n bis zu relativ grofen ﬁ:ﬁg von
- uf erstreckt. Wire im vorigen Beispiel n sehr klein, etwa

5, und 7 = 0,674 gewesen, so hitten wir die m“u%o&.&mm o=10
ity des relativ groBen Wertes von 7 annehmen miissen. Dies erkennt

n sofort aus Abb. 108.1.
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55 Apbildung 109.1. Test der Hypothese ¢ = 0 gegen die Alternative ¢ > 0

Wir zeigen nun, wie man bei der zweidimensionalen %oﬁB&g«gT
lang Konfidenzintervalle tiir den Korrelationskoeftizienten ¢ be-

stimmt. . .
Aus dem Korrelationskoeffizienten r der Stichprobe berechnen wir

den Hilfswert
1. 147
(109.3) 7 =y

Wie R. A. Fsugr [Metron 1, 1921, 8] bewiesen hat, ist dies ein
Schiitzwert fiir den Mittelwert
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Scatter:
Again, for the time-orthogonal case, the first term in Equation 1 can be expanded. Let us consider first

the “prediction” of the original calibration set with our b vector. This results in the calibration scatter

(Y'Y)X,(x7X,) g
1+SNR?

4) SCATTER,,, =

The RMS scatter portion of the error is

SNR
5) SCATTER ¢y m, =SCATTERG,,SCATIER ,,, = Ym[ [+SNR? ]

Y,

ms 15 the RMS variation of the reference glucose values used in calibration. Referring to the real data
above, this would lead us to expect, when “predicting” the calibration set , to see an improvement in RMS
scatter from 0.5* Y, t00.37* Y, as a result of averaging. Figure 2 summarizes the slope and scatter

dependence on SNR when predicting the calibration set.

THEORETICAL RELATIONSHIP BETWEEN SNR AND THE SLOPE AND SCATTER
WHEN PREDICTING THE CALIBRATION SET
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Figure 2: Prediction of calibration set. Slope and scatter dependence on SNR.
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bability Distributions and Applications

omial Distribution

peralization of the binornial
the case of k-fold mutually
ents ¢ach of which occurs
probability p, i =1,...,k

=1 (28.5)

yeovs X Praeens Doty 1)

___n! _— N
P £
X ol g 1 PP P

(28.6)

where the parameters are only enumer-
ated up to k—1 since one parameter is
fixed by (28.5).

The expectation values and variances
are k-fold:
E(x) = np, (28.7

and :

Var(x:) = o= np(1—p) (28.8)

m::m_. Distribution

prcountered this in considering
ve decay. In general, it has apphi-
e-testing problems and also to
of atomic and noclear physics.
by the p.d.f.

—Ax

£ for 0=<x 0O<A

(28.9)

The mean and variance are given by

eibull Distribution

Eiribution is a generalization of the
, having three parameters in-
. It is also used in life-testing
ity studies where its param-
fitted to particular situations.

eibull p.d.f. is
mw A vlnv?_m;:ué::n
(28.12)
x and 0<bhc. .

the Gaussian distribution, the
stribution may be transformed
-parameter distribution for pur-
bulation and graphing.

(28.13)

m.mkwﬂm (28.10}
~and
o*(x) = Var(x) = % (28.11)
yields
wiy:cl=cy e y=0 ¢ >0
28.14)

This has the ¢.d.f.

W(y;c}= h w(y; c)dy =1—e™" (28.15)

The m.xvmnna:.oz value is

E(y)=T(1+c™ (28.16)

where .
I(z) = _. e7'y""'dy
(1]

is the Gamma function discussed in Ap-
pendix II1.
The variance is

>0

2 .AAIWV (28.17)

<R3u_,?+ J

I
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2

The Log-Normal Distribution

This is the distribution of a random vari-
able, x, whose legarithm is normally dis-
tributed, Emﬂ. 15,

Nip, o) (28.18)
The log-normal distribution* has been

y=Inx is

The p.d.f. is obtained from

M\ZMRV = muhnAHv = N—ﬂ-n-. w N|q_.Jultun~GQnu

x>0 (28.20)

found useful in describing the distribution . We may get the expectation value

of incomes and other economic indices. In
medicine it has been used to describe the
distribution of recovery times from vari-
ous illness, the survival times of bacteria
in disinfectant solutions, and the weights
and blood pressures of people.

We may relate the log-normal distribu-
tion to the normal convergence theorem
by considering a variate X that is the re-
sult of a large number of independent in-
fluences each of which produces a smail
effect proportional to X. Each influence
then, produces an effect such that

AX .,
SF=k=40X

The distribution resulting from a large
number of independent influences, each
producing a small constant effect, is nor-
mal, that is, In X is normally distributed
and X is log-normal.

The cumulative distribution function is

Fxlx)= _...H_wx.. =x]=Prlla X =ln x]

(o x—p )

7 ]

= e dt (28.19)

*See, for example, I. Aitchison and J. A. C. Brown,
The Lognermal Distribution, Cambridge University
Press, New York, 1957,

E(x)=e*™" (28.21)
and the variance

Var(x) = e*" (e = 1) (28.22)

The expectation value is not so useful for

an asymmetric distribution. Often, more
significant are such measures as the me-
dian, mode, and the geometric mean.

We note that the mode, obtained from
setting

. .
Xmoae = %77

(28.23)

%FZAH N=0 is

For “discrete data believed to follow a
logarithmic distribution, X, X2, . . . , Xn, it is
often useful to define the geometric mean

n Un
X geomeiric mean = : .ﬂmv.
- w1

e (& M_iz @824

ni=

(See the end of Chapter 7.)
The median is

Xemed = €%

(28.24a)

The F-Distribution

Consider that x; and x, are independent,
and that each is chi-square distributed
with n, and n, d.o.f., respectively. Then

P
Xain,

F(n,n)=
has the p.d.f.

(28.25)

i(F; ny,na)

—_ —JHA:- + wnn:NM ﬁ-_—:._anua_.umﬂna.!uu_ﬂ
T T(a/2)T(na/2) (1 + n Fn)™ 2

F=0 (28.26)

The mean of the F-distribution is
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48 Section 14 Information from measurements and a priovi information

In fact, only a few characteristics of a density function are vguall rele-

vant, such as for instance, the position of the “center”, the degree of asym-

s S L BLALe, W16 2 -~
metry, the size of the "error bounds", the "correlations” between different

parameters, and the behaviour of the density function *far from the center”.

I hesitation exists in choosing the 2 priori error bars, it is of course best
to be overconservative and to choose them very large. A conservative choice
for correlations is to neglect them (see Figure 1.8 for an example), The beha-
viour of the density functions far from the center is only crucial if ocutliers
may exist the choice of functions tending too rapidly to zere (box-car
functions or even Gaussian functions) may lead to inconsistencies; the solu-
tion to the problem (as defined in the next section) may not exist, or may
senseless, ‘

. Usually the a priori states of information have the form of "soft bounds”;
the normal or log-normal density functions generally apply well to that case,
If the normal function is thought to vanish too rapidly when the parameter’s
value tends to infinity, longer tailed functions may be used, such as for in-
stance, the symmetric-exponential function (see box 1.2). .

Chapter 1: The general discrete inverse problem

1 50 called becauss the logarithm:
probability density, " For the




Section 1.4: Information from measurements and a priori information

Chapter 1: The general discrete inverse problem — ﬁ— ’ 51

14.3: Joint prior information in the Dx M una.nm

‘ By definition, the 2 priori information on model parameters is indepen-
dent of observations. The information we have in both model parameters and
observable parameters can then be described in the DxM space by the
joint density function

Kdm) = pp(d) py(m) . ) (1.59)

=

It may happen that part of the "a priori” information has been obtained

* from a first, rough analysis of the data set. Rigorously then, there exist

correlations between d and m in p(d,m) , and equation {1.59) no longer

. holds. For a maximum of generality we thus have to assume the existence of

a general probability density p{d,m} , not necessarily satisfying (1.59), and
_Tepresenting all the information we have in data and model parameters inde-

pendently of the use of any theoretical information (which s described by
the probability density ©(d,m) introduced in section 1.3).
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